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THICK SUBCATEGORIES ON CURVES
ALEXEY ELAGIN AND VALERY A. LUNTS
Abstract. We classify thick subcategories T ⊂ Db(cohC) for smooth projective
curves C over an algebraically closed field.
1. Introduction
Let C be a smooth projective curve of genus g over an algebraically closed field k .
We classify all finitely generated thick (triangulated) subcategories of Db(cohC) .
Namely we prove that all such subcategories T (if T 6= 0, Db(cohC) ) are quiver-
like, that is there is a finite quiver Q and an equivalence of categories
Db0(Q)
∼
→ T
where Db0(Q) ⊂ D
b(Q) is the full triangulated subcategory generated by the simple
modules corresponding to vertices (Theorem 4.4).
We then classify the quivers Q which can be realized on curves in this way (The-
orem 5.2). We also show that if Q and Q′ are realizable quivers and there is an
equivalence
Db0(Q) ≃ D
b
0(Q
′)
then Q ≃ Q′ (Corollary 5.8).
As a byproduct we obtain the following result (Propositions 4.8, 4.9):
If g = 0, 1 , there are no infinite descending chains of finitely generated thick sub-
categories of Db(cohC) . On the other hand, if g ≥ 2 , then there is an infinite
descending binary tree of such subcategories.
This phenomenon should be compared with the case of 0 -dimensional schemes.
Namely, let R be an artinian algebra. If R is a complete intersection, then there are
no infinite descending chains of finitely generated thick subcategories of Db(R−mod) ,
see [CI]. On the other hand in [EL] simple examples of a non-complete intersection R
are constructed, such that there exists a descending binary tree of such subcategories.
The paper is organized as follows. Section 2 contains a brief reminder on triangu-
lated categories and enhancements. In Section 3 we study quiver-like categories. In
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Section 4 we formulate our main observation: all thick subcategories on curves are
quiver-like. In Section 5 we classify quivers which are realizable on curves (Definition
4.5).
2. A reminder about generation and enhancements of triangulated
categories
We fix a field k . All our categories are k -linear. References for triangulated and
dg categories include [BK], [BN], [BLL], [Dr], [ELO], [Ke].
If T is a triangulated category and X, Y are objects in T , we will freely use the
equivalent notation for the corresponding space of morphisms
Hom(X, Y [n]) = Homn(X, Y ) = Extn(X, Y ).
If X = Y , then we also consider the graded algebra
Ext•T (X,X) = Ext
•(X,X) =
⊕
n
Extn(X,X).
A triangulated category is Ext -finite if the space
⊕
nHom(X, Y [n]) is finite di-
mensional for all objects X, Y .
We say that a triangulated category T is non-split generated by a collection of
objects X1, . . . , Xn if T is the smallest full triangulated subcategory of T which
contains the objects X1, . . . , Xn . We denote this T = [X1, . . . , Xn] .
We say that a triangulated category T is (split) generated by a collection of objects
X1, . . . , Xn if T is the smallest full triangulated subcategory of T which contains
the objects X1, . . . , Xn and which is closed under direct summands in T . We denote
this T = 〈X1, . . . , Xn〉 .
A thick subcategory of a triangulated category T is a full triangulated subcategory
which is closed under direct summands in T .
A category is Karoubian if it is idempotent complete, i.e. if every idempotent
splits. Note that a thick subcategory of a Karoubian triangulated category is also
Karoubian. If a triangulated category T is closed under countable direct sums, then
it is Karoubian.
For an abelian category A we denote by D(A) its (unbounded) derived category
and by Db(A) its bounded derived category, these categories are triangulated. If A
has countable direct sums then D(A) is Karoubian. Therefore all thick subcategories
of D(A) are also Karoubian.
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If S is a dg category we denote by [S] its homotopy category. If the dg category S
is pre-triangulated, then [S] is triangulated.
An enhancement of a triangulated category T is a pre-triangulated dg category S
together with an equivalence of triangulated categories [S]
∼
→ T . This allows us to
consider an object X ∈ T as an object in the dg category S . Then we denote its
endomorphism dg algebra by
REnd(X) := EndS(X).
This dg algebra is well defined up to a quasi-equivalence and its cohomology algebra
is
H•(REnd(X)) = Ext•T (X,X).
For a dg algebra E we consider the triangulated category Perf(E) . This is the
thick subcategory in D(E) (= the derived category of right dg E -modules) which
is (split) generated by the dg E -module E . The triangulated category Perf(E) is
Karoubian and it has a natural enhancement. If dg algebras E and E ′ are quasi-
isomorphic, then the triangulated categories Perf(E) and Perf(E ′) are equivalent. A
dg algebra is formal if it is quasi-isomorphic to its cohomology graded algebra.
We will often use the following standard fact.
Proposition 2.1. Let T be a Karoubian triangulated category which has an enhance-
ment. Assume that T is generated by an object X , i.e. T = 〈X〉 . Consider the dg
algebra E = REnd(X) . Then there exists a natural equivalence of categories
T ≃ Perf(E).
Finally, for a ring R we denote by Mod−R (resp. mod−R ) the category of right
R -modules (resp. finitely generated right R -modules).
3. Quiver-like triangulated categories
A quiver means a finite quiver, i.e. the set of vertices and arrows is finite.
Let Q be a quiver with n vertices v1, . . . , vn . Let kQ be the corresponding
(hereditary) path algebra. Denote by Db(Q) = Db(Mod−kQ) the bounded derived
category of right kQ -modules. Since the algebra kQ is hereditary, every object in
Db(Q) is isomorphic to the direct sum of its cohomology.
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Let R ⊂ kQ denote the radical of kQ , i.e. R is the 2 -sided ideal generated by all
arrows. Denote by (mod−kQ)R the abelian category of finitely generated (=finite-
dimensional) R -torsion kQ -modules. Define Db0(Q) ⊂ D
b(Q) as the subcategory of
all finite complexes with cohomology in (mod−kQ)R . The triangulated categories
Db(Q) and Db0(Q) are Karoubian.
Let s1, . . . , sn be the simple kQ -modules, corresponding to the vertices. For future
reference we record the following easy fact.
Lemma 3.1. In the above notation the following holds:
(1) Every object in (mod−kQ)R has a finite filtration with si ’s as subquotients.
The corresponding associated graded module is independent of the filtration and
(3.1) K0((mod−kQ)R) ≃
⊕
i
Z[si].
(2) Every object in Db0(Q) is isomorphic to the direct sum of its cohomology, and
K0(D
b
0(Q)) ≃
⊕
i
Z[si].
(3) Db0(Q) = 〈s1, . . . , sn〉 = [s1, . . . , sn] , i.e. D
b
0(Q) is non-split generated by the
si ’s.
Proof. (1) Let M ∈ (mod−kQ)R , then the quotients of the (finite) filtration M ⊃
M ·R ⊃M ·R2 ⊃ . . . are directs sums of si ’s. The isomorphism (3.1) is given by the
dimension vector of kQ -module. (2) follows from gldim(kQ) = 1 . In (3), inclusions
Db0(Q) ⊃ 〈s1, . . . , sn〉 ⊃ [s1, . . . , sn] are obvious, while D
b
0(Q) ⊂ [s1, . . . , sn] follows
from (1) and (2). 
We will not need the following lemma but include it here for the interested reader.
Lemma 3.2. The natural functor
Ψ: Db((mod−kQ)R)→ D
b
0(Q)
is an equivalence.
Proof. Note that both categories are Karoubian and generated by the object ⊕si .
Moreover, Ψ(si) ≃ si for any i and thus Ψ is essentially surjective. To check that Ψ
is fully faithful it suffices (using the standard devissage technique) to check that Ψ
induces isomorphisms
Extm(mod−kQ)R(si, sj) = Hom
m
Db((mod−kQ)R)
(si, sj)→ Hom
m
Db
0
(Q)(si, sj) = Ext
m
Mod−kQ(si, sj)
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for any i, j and m ∈ Z . For m < 0 this is clear; for m = 0 this holds since
(mod−kQ)R ⊂ Mod−kQ is a full subcategory. For m = 1 this holds by Yoneda’s de-
scription of Ext1 groups since the subcategory (mod−kQ)R ⊂ Mod−kQ is extension-
closed. For m > 2 we have ExtmMod−kQ(si, sj) = 0 since kQ is hereditary, let us check
that HommDb((mod−kQ)R)(si, sj) = 0 for m > 2 .
By definition, any morphism f : si → sj [m] in D
b((mod−kQ)R) has the form
si
q
←− C•
p
−→ sj[m],
where C• is a bounded complex over (mod−kQ)R , p, q are homomorphisms of
complexes and q is a quasi-isomorphism. We claim that there exists a complex
P • = [P−1 → P 0] over (mod−kQ)R and a quasi-isomorphism s : P
• → C• . Then
f = pq−1 = pss−1q−1 = 0
since ps = 0 (recall that m > 2 ).
To prove the claim, let P¯ • = [P¯−1
d
−→ P¯ 0] be a resolution of si by projective finitely
generated kQ -modules. There exists a quasi-isomorphism s¯ : P¯ • → C• . Since Ck
are R -torsion modules, one can take N such that Ck · RN−1 = 0 for k = 0,−1 .
We let now P 0 := P¯ 0/(P¯ 0 · RN ) . By assumptions, s¯0 : P¯ 0 → C0 factors via P 0 .
Recall that H•(P¯ ) ≃ si , hence d is injective (we will treat P¯
−1 as a submodule in
P¯ 0 ) and
P¯ 0 · RN ⊂ P¯ 0 · R ⊂ P¯−1.
Let P−1 := P¯−1/(P¯ 0 ·RN ) . Then P • is quasi-isomorphic to P¯ • (and to si ). Clearly
P • is a complex over (mod−kQ)R . Also
s¯−1(P¯ 0 · RN ) ⊂ s¯−1(P¯−1 · RN−1) ⊂ s¯−1(P¯−1) · RN−1 ⊂ C−1 · RN−1 = 0,
hence s¯−1 : P¯−1 → C−1 factors via P−1 . Therefore, s¯ factors via a quasi-isomorphism
s : P • → C• . This concludes the proof of the claim and the lemma. 
Definition 3.3. A triangulated category T is called quiver-like if there exists a finite
quiver Q and an equivalence of triangulated categories Db0(Q) ≃ T .
We obtain the immediate consequence of Definition 3.3 and Lemma 3.1.
Corollary 3.4. Let T be a quiver-like triangulated category with an equivalence
Φ: Db0(Q)→ T . Put ti = Φ(si) . Then we have the following.
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(1) For any indecomposable object B ∈ T there exists a sequence of objects B0, . . . , Bm
such that Bm = B[d] for some d ∈ Z , B0 = 0 , and for each i = 1, . . . , m the object
Bi fits into an exact triangle
Bi−1 → Bi → tji → Bi−1[1]
for some ji .
(2) K0(T ) ≃
⊕
j Z[tj ] .
(3) T = [t1, . . . , tn] , i.e. T is non-split generated by the tj ’s.
Lemma 3.5. Let A be an abelian category in which for every object A there exists
an injective resolution
0→ A→ I0 → I1 → 0.
Let A1, . . . , An be objects in A such that Hom(Ai, Aj) = δij ·k and Ext
s(Ai, Aj) = 0
for all i, j and s 6= 0, 1 . Then the dg algebra REnd(⊕ni=1Ai) is formal.
The same holds for projective resolutions.
Proof. Choose injective resolutions Aj → I
•
j of length 1 . Then the dg algebra
REnd(⊕jAj) is quasi-isomorphic to
E := End(⊕jI
•
j ) = E
−1 ⊕ E0 ⊕ E1.
Let ej ∈ E
0 be the idempotent of the summand I•j . Then E
0 = ⊕i,jeiE
0ej , E
1 =
⊕i,jeiE1ej and d sends eiE0ej to eiE1ej . Choose a subspace V = V
0 ⊕ V 1 of E ,
where V 0 = ⊕jkej ⊂ E
0 , V 1i,j ⊂ eiE
1ej is any complement of d(eiE
0ej) ⊂ eiE
1ej ,
and V 1 = ⊕i,jV
1
i,j ⊂ E
1 . Then V is a dg subalgebra of E and the inclusion V ⊂ E
is a quasi-isomorphism.
In case of projective resolutions the proof is similar. 
Corollary 3.6. Let Q be a quiver and consider the category Db0(Q) with the standard
enhancement coming from the embedding Db0(Q) ⊂ D
b(Q) . Then the dg algebra
REnd(⊕si)
is formal. Hence there is an equivalence of triangulated categories
Db0(Q) ≃ Perf(Ext
•(⊕si,⊕si))
where the graded algebra Ext•(⊕si,⊕si) is considered as a dg algebra with zero dif-
ferential.
THICK SUBCATEGORIES ON CURVES 7
Proof. The formality of the dg algebra REnd(⊕si) follows from Lemma 3.5 applied
to the abelian category A of all right kQ -modules and taking Ai = si .
Because the category Db0(Q) is Karoubian by Proposition 2.1 we get the equivalence
Db0(Q) ≃ Perf(REnd(⊕si)).
The last assertion then follows from the fact that the dg algebras Ext•(⊕si,⊕si) and
REnd(⊕si) are quasi-isomorphic. 
Definition 3.7. Let T be a triangulated category with an enhancement. A collection
of objects {t1, . . . , tn} is T is called vertex-like if the endomorphism dg algebra
REnd(⊕ti)
is formal, and in addition Hom(ti, tj) = δij · k , and Hom
p(ti, tj) = 0 for all i, j and
p 6= 0, 1 .
Remark 3.8. It follows from Corollary 3.6 that the collection of objects {s1, . . . , sn}
in the category Db0(Q) is vertex-like. Note that the dimension of the space Ext
1(si, sj)
is equal to the number of arrows from vj to vi .
The next proposition gives a necessary and sufficient condition for a category to be
quiver-like.
Proposition 3.9. Let T be an Ext -finite triangulated category. The following con-
ditions are equivalent.
(1) T is quiver-like.
(2) T ≃ Perf(E) where E = E0 ⊕ E1 is a dg algebra with zero differential and
such that E0 = k× . . .× k .
(3) T is Karoubian, it has an enhancement and it is generated by a collection of
objects {t1, . . . , tn} that is vertex-like.
Moreover, if T satisfies (3), then there exists a quiver Q and an equivalence
Φ: Db0(Q)→ T such that Φ(si) = ti .
Proof. (1)⇒ (2) is contained in Corollary 3.6.
(2)⇒ (3). Since T ≃ Perf(E) , it is Karoubian and has an enhancement. Let
e1, . . . , en ∈ E be the idempotents corresponding to the factors in E
0 = k× . . .× k .
Then the right dg E -modules eiE are h-projective, they generate Perf(E) , and the
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dg algebra
REnd(
⊕
i
eiE) = REnd(E) = E
is formal. In addition Hom(eiE, ejE) = δij · k , Hom
p(eiE, ejE) = 0 for all i, j and
p 6= 0, 1 . So we can take ti = eiE .
(3)⇒ (1). Consider the graded algebra E = Ext•(⊕ti,⊕ti) as a dg algebra with
zero differential. Our assumptions imply that the category T is equivalent to the
category Perf(E) .
Now define the quiver Q with vertices v1, . . . , vn and the number of arrows from
vi to vj equal to dimHom(tj , ti[1]) . Let s1, . . . , sn ∈ D
b
0(Q) be the corresponding
simple modules. By construction, we have Ext•(ti, tj) ≃ Ext
•(si, sj) for all i, j . By
Corollary 3.6 we get
Db0(Q) ≃ Perf(Ext
•(⊕si,⊕si)) ≃ Perf(E) ≃ T ,
i.e. T is quiver-like. This proves the implication (3)⇒ (1) and also the last assertion
of the proposition. 
Proposition 3.10. Assume that the field k is algebraically closed. Let A be an
abelian ( k -linear) category such that any object A ∈ A has an injective resolution of
length 6 1 . Assume that the category Db(A) is Karoubian. Let T ⊂ Db(A) be a
finitely generated Ext -finite thick subcategory. Assume there exists a linear function
r : K0(T )→ Z,
such that for any nonzero F ∈ T ∩ A one has r([F ]) > 0 . Then the category T
satisfies the condition (3) in Proposition 3.9, and hence it is quiver-like.
The same holds for projective resolutions.
Proof. Note that A is hereditary and thus any object in T is a direct sum of its
cohomology. It follows that one can choose a finite set of generators in T belonging
to A ⊂ Db(A) . Take any family A1, . . . , An ∈ A of nonzero objects generating T
such that
(1)
∑
i r([Ai]) is the minimal possible;
(2) the number n is the maximal possible among all families with the fixed
∑
i r([Ai]) .
(such a family exists because r([A]) > 0 for any nonzero A ∈ T ∩ A ). Note that
Ai ≇ Aj for i 6= j . We claim that the family {A1, . . . , An} is vertex-like.
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First we check that there are no morphisms between Ai ’s except for scalar multipli-
cation. Let f : Ai → Aj be a morphism. Denote K := ker f, I := im f, C := coker f .
Since A is hereditary, the complex Cone(f) in T is quasi-isomorphic to K[1]⊕C .
Since T is thick we get that K,C ∈ T . Also we get I ∈ T and
〈Ai, Aj〉 = 〈K, I, C〉.
If i 6= j we have
r([Ai])+ r([Aj ]) = r([K])+ r([I])+ r([I])+ r([C]) = (r([K])+ r([I])+ r([C]))+ r([I]).
Replacing Ai, Aj with K, I, C we get a generating family with the smaller
∑
i r([Ai])
unless I = 0 , it contradicts to condition (1). Hence f = 0 . If i = j we get
r([Ai]) = r([K]) + r([I]) = r([I]) + r([C]).
Replacing Ai with K, I we get a generating family with the same
∑
i r([Ai]) and
with the bigger number of objects unless I = 0 or K = 0 , it contradicts to condition
(2). Hence f = 0 or K = 0 . Similarly, replacing Ai with I, C we see that I = 0
or C = 0 . Thus, if f 6= 0 then K = C = 0 and f is an isomorphism. We proved
that for each i the endomorphism algebra EndAi is a finite-dimensional division
k -algebra. Since k is algebraically closed, EndAi = k .
Clearly, Homs(Ai, Aj) = 0 for s 6= 0, 1 . Finally, the dg algebra REnd(⊕iAi) is
formal by Lemma 3.5. Therefore {A1, . . . , An} is a vertex-like collection. Also T is
Karoubian, hence it satisfies the condition (3) of Proposition 3.9. 
Corollary 3.11. Let A be a hereditary k -algebra over an algebraically closed field.
Let T = 〈M1, . . . ,Mn〉 ⊂ D
b(Mod−A) be any thick subcategory generated by finite-
dimensional (over k ) modules. Then T is quiver-like.
Proof. We use Proposition 3.10. Namely, we take A = Mod−A and r to be the
function induced by the dimension of a module over k . 
Corollary 3.12. Let T be a quiver-like triangulated category. Then any finitely
generated thick subcategory T ′ ⊂ T is also quiver-like.
Proof. We may assume that T = Db0(Q) for a quiver Q and use Corollary 3.11 with
A = kQ . 
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Proposition 3.13. Let Q be a quiver with two vertices 1, 2 such that for any i, j ∈
{1, 2} there is at least one arrow from i to j . Then the category Db0(Q) has an
infinite descending binary tree of thick subcategories. Moreover one can find such a
tree with the following additional property: if T1 and T2 are two elements of this tree
which are not located one above the other, then T1 ∩ T2 = 0 .
Proof. Let a : 1 → 1, b : 2 → 1, c : 2 → 2 be some arrows. Define the right kQ -
module M (1) as follows: M
(1)
1 = kx, M
(1)
2 = ky with x · b = y and all other arrows
in Q acting by zero. Define another right kQ -module M (2) as M
(2)
1 = kα ⊕ kβ,
M
(2)
2 = kγ⊕kδ with the nontrivial action of the arrows given by α ·a = β , β · b = γ ,
γ · c = δ . Then one checks that
Hom(M (i),M (j)) = δij · k and Ext
1(M (i),M (j)) 6= 0 for all i, j ∈ {1, 2}.
We conclude (using Lemma 3.5) that the modules M (1),M (2) form a vertex-like set. It
follows then from Proposition 3.9 and Corollary 3.4 that 〈M (1),M (2)〉 = [M (1),M (2)] .
Consequently, the thick subcategory 〈M (1),M (2)〉 is strictly smaller than Db0(Q) (be-
cause, for example, all objects in 〈M (1),M (2)〉 have even-dimensional cohomology).
Moreover, by Proposition 3.9 we get an equivalence 〈M (1),M (2)〉 ≃ Db0(Q
′) where
the quiver Q′ also satisfies the assumptions of the present proposition. We can iter-
ate the process, which then gives an infinite descending chain of thick subcategories
of Db0(Q) . To construct a required descending binary tree of subcategories we can
proceed as follows.
For convenience let us describe the modules M (1),M (2) constructed above by the
diagrams
M (1) : •
b
→ •
M (2) : •
a
→ •
b
→ •
c
→ •
Let us similarly define the right A modules
M (3) : •
a
→ •
a
→ •
b
→ •
c
→ •
c
→ •
M (4) : •
a
→ •
a
→ •
a
→ •
b
→ •
c
→ •
c
→ •
c
→ •
One checks that
(3.2) Hom(M (i),M (j)) = δij · k and Ext
1(M (i),M (j)) 6= 0
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for all i, j ∈ {1, 2, 3, 4} . Indeed, for Hom this can be done by hands, for Ext1 use
χ(M (i),M (j)) = i · j · χ(S1 ⊕ S2, S1 ⊕ S2) = ij(2− |{arrows in Q }|) < 0.
Hence the thick subcategory 〈M (3),M (4)〉 ⊂ Db0(Q) is also quiver-like.
We claim that the categories 〈M (1),M (2)〉 and 〈M (3),M (4)〉 have zero intersec-
tion. Assume the converse. Since any object in Db0(Q) is a direct sum of its co-
homology, it follows that there exists a nonzero indecomposable kQ -module L ∈
〈M (1),M (2)〉 ∩ 〈M (3),M (4)〉 . By Corollary 3.4, every indecomposable kQ -module in
〈M (1),M (2)〉 (resp. in 〈M (3),M (4)〉 ) has a filtration with subquotients M (1),M (2)
(resp. M (3),M (4) ). Therefore, if M (resp. N ) is an indecomposable kQ -module in
〈M (1),M (2)〉 (resp. in 〈M (3),M (4)〉 ), then Hom(M,N) = 0 by (3.2). In particular,
Hom(L, L) = 0 and thus L = 0 , a contradiction.
It is clear that we can now iterate the process to construct a descending binary
tree of quiver-like categories with the required properties. 
4. Thick subcategories on curves
In this section we assume that C is a smooth projective connected curve over an
algebraically closed field k . Our goal is to classify thick subcategories in Db(cohC) .
Lemma 4.1. Let T ⊂ Db(cohC) be a thick subcategory which contains a nonzero
vector bundle and a nonzero torsion sheaf. Then T = Db(cohC) .
Proof. Let V, T ∈ T be a vector bundle and a torsion sheaf respectively. Let x ∈
Supp(T ) . It is easy to see that the skyscraper sheaf Ox is in T .
Choose a line bundle L and a surjection V → L . This gives a short exact sequence
of vector bundles
0→ E → V → L→ 0.
Choose a surjection L→ Ox and denote by V
(1) ⊂ V the kernel of the composition
V → L→ Ox . Thus V
(1) ∈ T and we obtain a short exact sequence
0→ E → V (1) → L(−x)→ 0.
Iterating this process we get for any n > 1 a short exact sequence
0→ E → V (n) → L(−nx)→ 0
with V (n) ∈ T . For n >> 0 this sequence splits, hence L(nx) ∈ T for some n . It
is then easy so see that L(nx) ∈ T for all n ∈ Z .
12 ALEXEY ELAGIN AND VALERY A. LUNTS
Let F ∈ cohC . We can find an exact sequence of coherent sheaves
0→ K → ⊕L(nx)→ ⊕L(mx)→ F → 0.
The two middle terms and in T and the category cohC is hereditary. Hence F ∈ T
as a direct summand of Cone(⊕L(nx) → ⊕L(mx)) . Therefore cohC ⊂ T . It
follows that T = Db(cohC) . 
We obtain the immediate corollary.
Corollary 4.2. If T ⊂ Db(cohC) is a thick subcategory, T 6= 0, Db(cohC) , then
exactly one of the following holds:
(1) Every object in T has torsion cohomology.
(2) Every object in T has torsion free cohomology.
Proof. Indeed, every object in Db(cohC) is the direct sum of its cohomology. So it
remains to apply Lemma 4.1. 
Definition 4.3. We will say that a thick subcategory T ⊂ Db(cohC) is proper if
T 6= 0, Db(cohC) . We call T torsion (resp. torsion-free) in case (1) (resp. (2)) in
Corollary 4.2 holds.
Now we can formulate our main observation.
Theorem 4.4. Every finitely generated thick proper subcategory T ⊂ Db(cohC) is
quiver-like.
Proof. We consider the two cases of Definition 4.3.
Case 1: T is torsion. In this case we may apply Proposition 3.10 with A = qcohC
and the function r : K0(T )→ Z induced by the dimension (over k ) of a torsion sheaf.
Case 2: T is torsion-free. In this case we again apply Proposition 3.10 with
A = qcohC , but take the function r : K0(T ) → Z to be induced by the rank of a
vector bundle. 
Definition 4.5. A quiver Q is called realizable if the category Db0(Q) is equivalent
to a thick finitely generated subcategory of Db(cohC) for a smooth projective curve
over an algebraically closed field k .
In the next section we are going to classify the realizable quivers. For now let us
give some examples.
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Definition 4.6. We denote by Qm the quiver with one vertex and m loops.
Lemma 4.7. For any n , the quiver which is the disjoint union of n copies of the
quiver Q1 is realizable on any curve. In fact any torsion category (Definition 4.3)
supported at n distinct points is equivalent to
Db0(Q1 ⊔ . . . ⊔Q1) = D
b
0(Q1)
⊕n.
Proof. Let p be a point on a smooth curve C . Then the sky-scraper sheaf Op ∈
Db(cohC) is a vertex-like object with
Hom(Op,Op) ≃ Ext
1(Op,Op) ≃ k.
Hence by Proposition 3.9 the thick subcategory 〈Op〉 ⊂ D
b(cohC) is equivalent to
Db0(Q1) . Now it is clear that the thick subcategory
T = 〈Op1, . . . ,Opn〉
for n different points p1, . . . , pn ∈ C is equivalent to
Db0(Q1 ⊔ . . . ⊔Q1) = D
b
0(Q1)
⊕n.
It remains to note that 〈Op〉 contains no proper thick subcategories and thus any
thick finitely generated torsion subcategory in Db(cohC) is of the form 〈Op1, . . . ,Opn〉
for some points p1, . . . , pn . 
Proposition 4.8. Let C be a curve of genus g and let T ⊂ Db(cohC) be a thick
finitely generated proper subcategory.
(1) If g = 0 , then T ≃ Db0(Q0) or T ≃ D
b
0(Q1 ⊔ . . . ⊔Q1). The first case occurs
if T is torsion-free and the second one occurs when T is torsion.
(2) If g = 1 , then T ≃ Db0(Q1 ⊔ . . . ⊔Q1) .
(3) If g = 0 or g = 1 , the category T contains only finitely many distinct thick
subcategories.
Proof. (1) Let g = 0 . Assume that T is torsion-free. Since every vector bundle
on P1 is a direct sum of line bundles O(n) , it is easy to see that T = 〈O(n)〉 for
some n and hence
T ≃ Db(mod−k) ≃ Db0(Q0).
If on the other hand T is torsion, it follows from Lemma 4.7 that
T ≃ Db0(Q1 ⊔ . . . ⊔Q1).
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(2) Let g = 1 and let F ∈ T be a nonzero indecomposable object. Then there
exists an autoequivalence Ψ of Db(cohC) such that Ψ(F ) is a torsion sheaf.
It follows that the category Ψ(T ) is torsion. Then again by Lemma 4.7 we find
that T ≃ Ψ(T ) ≃ Db0(Q1 ⊔ . . . ⊔Q1) .
(3) This follows from (1) and (2) and the fact that the categories Db0(Q0) and
Db(Q1) have no proper thick subcategories. 
It contrast to Proposition 4.8, thick subcategories of curves of genus g ≥ 2 behave
differently.
Proposition 4.9. (1) Let C be a curve of genus g ≥ 2 . Then there exists an
infinite descending binary tree of thick subcategories in Db(cohC) with the following
property: if elements T1 , T2 of this tree are not located one above the other, then
T1 ∩ T2 = 0.
(2) For any n ≥ 0 the quiver Qn is realizable on a curve of genus g = n .
Proof. (1) Let L1,L2 be distinct line bundles of degree 0 on C . Then for all
i, j ∈ {1, 2} we have Hom(Li,Lj) = δij · k and Ext
s(Li,Lj) = 0 for s 6= 0, 1 . By
Lemma 3.5, Definition 3.7 and Proposition 3.9 we know that {L1,L2} is a vertex-like
collection, and the thick subcategory 〈L1,L2〉 ⊂ D
b(cohC) is equivalent to Db0(Q) ,
where Q is the quiver with vertices v1, v2 and dimExt
1(Lj,Li) arrows from vi to vj
for any i, j ∈ {1, 2} . Note that for any i, j ∈ {1, 2} by the Riemann-Roch formula
dimExt1(Li,Lj) = g(C)− 1 + δij > 0,
hence by Proposition 3.13 the category Db0(Q) has an infinite descending binary tree
of thick finitely generated subcategories with the required property.
(2) It suffices to take any line bundle L on C . The thick subcategory 〈L〉 ⊂
Db(cohC) is equivalent to Db0(Qg) where g is the genus of C . 
5. Realization of quivers on curves and uniqueness problems
In this section a curve means a smooth projective connected curve over an alge-
braically closed field k . We complete the problem of classification of proper finitely
generated thick subcategories of curves which we started in the previous section.
In view of Theorem 4.4, Lemma 4.7, and Proposition 4.8 it remains to answer the
following questions:
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Q1. Which quivers Q are realizable by torsion-free subcategories on curves of genus
g ≥ 2 ? (Definitions 4.5, 4.3).
We can also ask the following question.
Q2. Suppose the quiver Q is realizable. Is then Q determined uniquely by the
category Db0(Q) ?
We start with question Q1.
First let us summarize the relevant results from the previous sections.
Proposition 5.1. Let C be a curve and let T ⊂ Db(cohC) be a proper thick sub-
category which is torsion-free (Definition 4.3). Then
(1) T is quiver-like.
(2) T = 〈E1, . . . , En〉 , where {E1, . . . , En} is a vertex-like collection of vector
bundles on C .
(3) We have T = [E1, . . . , En] and K0(T ) =
⊕
i Z[Ei] .
(4) Every indecomposable object in T is of the form F [m] , where F is a vector
bundle that has a filtration with subquotients being Ei ’s.
Vice versa, a vertex-like collection of vector bundles {E1, . . . , En} generates a
torsion-free proper thick subcategory of Db(cohC) .
Proof. (1) Follows from Theorem 4.4. Then (2),(3),(4) follow from Proposition 3.9
and Corollary 3.4.
For the last assertion: we know that 〈E1, . . . , En〉 ⊂ D
b(cohC) is a quiver-like
subcategory of Db(cohC) . Now Corollary 3.4 implies that all indecomposable objects
of 〈E1, . . . , En〉 are (shifted) vector bundles on C . Hence it is a proper torsion-free
thick subcategory of Db(cohC) . 
Let C be a curve of genus g . For a vector bundle E on C let r(E) and d(E)
denote respectively its rank and degree. For vector bundles E, F put
χ(E, F ) = χ(C,E, F ) = dimHom(E, F )− dimExt1(E, F ).
By a version of Riemann-Roch formula we have
(5.1) χ(E, F ) = r(E)r(F )(1− g) + r(E)d(F )− r(F )d(E).
A finite quiver Q with vertices v1, . . . , vn is determined by a square matrix A =
(aij) ∈ Mn×n(Z) with nonnegative entries aij ≥ 0 , such that aij is the number of
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arrows from vi to vj . Put Q = Q(A) . Recall (Proposition 3.9) that the quiver
Q(A) is realized by a torsion-free category on a curve C if and only if there exists a
vertex-like collection of vector bundles {E1, . . . , En} on C such that
(5.2) dimExt1(Ej , Ei) = aij .
By (5.1) the equation (5.2) is equivalent to the equation
(5.3) aij = rjri(g − 1)− rjdi + ridj + δij (= −χ(Ej , Ei) + δij)
where ri = r(Ei) and di = d(Ei) . This gives us a necessary condition for the quiver
Q(A) to be realized on a curve of genus g . Actually this condition is also sufficient.
The following theorem answers question Q1 above.
Theorem 5.2. Let g ≥ 2 and let A = (aij) ∈ Mn×n(Z) be a matrix with nonnega-
tive entries. Then the quiver Q(A) is realized by a torsion-free category on a given
curve C of genus g if and only if the following holds: there exists a collection of
integers (r1, . . . , rn, d1, . . . , dn) ∈ Z
n
>0 × Z
n, such that
aij = rjri(g − 1)− rjdi + ridj + δij
for each pair (i, j) .
Proof. We already explained the “only if” direction. For the “if” direction we will
prove the following: given a set of integers (r1, . . . , rn, d1, . . . , dn) ∈ Z
n
>0 × Z
n such
that for each pair (i, j)
(5.4) rjri(g − 1)− rjdi + ridj + δij ≥ 0
holds, on any curve C of genus g there exists a vertex-like collection of vector
bundles {E1, . . . , En} with d(Ei) = di and r(Ei) = ri . Choose vector bundles
Ei with d(Ei) = di and r(Ei) = ri . For i 6= j the condition (5.4) means that
χ(Ej , Ei) ≤ 0 . Recall a theorem by Hirschowitz (see [RTB, Th. 1.2]): if E, F are
generic vector bundles of given rank and degree on a curve C of genus ≥ 2 and
χ(E, F ) ≤ 0 then Hom(E, F ) = 0 . Also a generic vector bundle E (of given rank
and degree) on C is stable (see [NR, Prop. 2.6]) and thus End(E) = k . It follows
that for a generic choice of vector bundles Ei with degree di and rank ri we have
dimHom(Ej , Ei) = δij and the collection {E1, . . . , En} is vertex-like. 
Recall that the slope of a vector bundle E is d(E)/r(E) .
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Proposition 5.3. Let C be a curve of genus g ≥ 2 and let (r1, . . . , rn, d1, . . . , dn) ∈
Zn>0 × Z
n . Then there exists a vertex-like collection of vector bundles {E1, . . . , En}
on C with d(Ei) = di and r(Ei) = ri if and only if for all 1 ≤ i, j ≤ n we have
(5.5)
∣∣∣∣
di
ri
−
dj
rj
∣∣∣∣ 6 g − 1.
Proof. Indeed the inequality (5.4) for pairs (i, j) and (j, i) with i 6= j is equivalent
to the condition (5.5). Now the proposition follows by the same argument as in the
proof of Theorem 5.2. 
Remark 5.4. If a quiver Q(A) for a matrix A = (aij) is realizable by a torsion-free
category on a curve of genus g ≥ 2 , then for all pairs of indices {i, j} at least one of
the numbers aij, aji is positive. In particular, the quiver Q(A) is connected (compare
with Proposition 4.8 for g = 1 case). Indeed, this follows from Theorem 5.2.
5.1. Some uniqueness and non-uniqueness results.
Proposition 5.5. Let C,C ′ be curves, g(C), g(C ′) ≥ 2 . Let E1, . . . , En and
E ′1, . . . , E
′
n′ be two vertex-like families of vector bundles on C and C
′ respectively.
Assume that
Φ: 〈E1, . . . , En〉 → 〈E
′
1, . . . , E
′
n′〉
is an equivalence between the corresponding quiver-like categories. Then n = n′ and
there exist a permutation σ ∈ Sn and m ∈ Z such that Φ(Ei) ≃ E
′
σ(i)[m] for all
i = 1, . . . , n .
Proof. By Proposition 5.1, the Grothendieck group K0(〈E1, . . . , En〉) is freely gener-
ated by the classes [E1], . . . , [En] and similarly for K0(〈E
′
1, . . . , E
′
n′〉) . The equiva-
lence Φ induces an isomorphism K0(〈E1, . . . , En〉) ≃ K0(〈E
′
1, . . . , E
′
n′〉) , which im-
plies that n = n′ .
For any i the object Φ(Ei) is indecomposable and so by Proposition 5.1 we have
(5.6) Φ(Ei) ≃ Fi[mi]
for some vector bundle Fi on C
′ and mi ∈ Z .
The equation (5.1) implies that
r(Ei)
2(1−g(C)) = χ(C,Ei, Ei) = χ(C
′, Fi[mi], Fi[mi]) = χ(C
′, Fi, Fi) = r(Fi)
2(1−g(C ′)).
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It follows that the ratio r(Fi)/r(Ei) =: r/r
′ does not depend on i , where we denote
r =
√
g(C)− 1, r′ =
√
g(C ′)− 1
(recall that g(C), g(C ′) ≥ 2 ). By Proposition 5.1, we have
[Fi] =
∑
j
bij [E
′
j] ∈ K0(〈E
′
1, . . . , E
′
n′〉)
for some bij ∈ Z>0 . Moreover, the matrix B = (bij) is invertible over Z . It follows
that
r(Fi) =
∑
j
bijr(E
′
j), r · r(Ei) =
∑
j
bijr
′ · r(E ′j).
Denote si := r · r(Ei) and s
′
i := r
′ · r(E ′i) . We have now
∑
i
si =
∑
ij
bijs
′
j =
∑
j
(s′j
∑
i
bij) >
∑
j
s′j,
because
∑
i bij > 1 (since B is non-degenerate and bij ∈ Z>0 for all i, j ). Similarly
we have
∑
j s
′
j >
∑
i si . It follows that
∑
i bij = 1 for any j and thus B is a
permutation matrix.
Hence [Fi] = [E
′
σ(i)] in K0(〈E
′
1, . . . , E
′
n〉) for some σ ∈ Sn and all i . It follows
from Proposition 5.1 that Φ(Ei) ≃ E
′
σ(i)[mi] . Now Lemma 5.6 implies that all mi in
(5.6) are equal. 
Lemma 5.6. Let C be a curve of genus g ≥ 2 . Let E1, . . . , En be vector bundles
on C such that for some integers mi the objects {E1[m1], . . . , En[mn]} form a vertex-
like collection. Then mi = mj for all i, j .
Proof. It suffices to prove that m1 = m2 . Formula (5.1) implies that
χ(E1, E2) + χ(E2, E1) = 2(1− g)r(E1)r(E2) < 0.
It follows that at least one of χ(E1, E2), χ(E2, E1) is negative. Assume χ(E1, E2) <
0 , then
(5.7) Ext1(E1, E2) 6= 0.
By our assumption
(5.8) Exti(E1[m1], E2[m2]) 6= 0 implies that i = 1 .
Equations (5.7) and (5.8) imply that m1 = m2 . 
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Remark 5.7. Lemma 5.6 also holds for g = 0 , but it fails for g = 1 : if L1,L2 are
distinct line bundles of the same degree, then for any m the objects L1 and L2[m]
are orthogonal and hence the collection {L1,L2[m]} is vertex-like.
The following is an answer to question Q2 above.
Corollary 5.8. Let Q,Q′ be quivers. Assume that Q is realizable and there is an
equivalence Db0(Q) ≃ D
b
0(Q
′) (hence Q′ is also realizable). Then Q ≃ Q′ .
Proof. Assume that the quiver Q is realized on a curve of genus g . We consider
several cases.
Case 1: g = 0 and Q is realized by a torsion-free category. Then by Proposition
4.8 we know that
Db0(Q) ≃ D
b
0(Q0) ≃ D
b(mod−k).
It follows that Q = Q0 = Q
′ .
Case 2: g = 1 or Q is realized by a torsion category. Then by Proposition 4.8
and Lemma 4.7 there exists an equivalence of categories
Ψ: Db0(Q)
∼
→ Db0(Q1 ⊔ . . . ⊔Q1).
Comparing the K -groups of these categories we find that the two quivers have the
same number of vertices, say n . Let s1, . . . , sn ∈ D
b
0(Q) (resp. s
′
1, . . . , s
′
n ∈ D
b
0(Q1⊔
. . . ⊔Q1) ) be the collection of simple modules corresponding to vertices. Note that
the objects s′i ∈ D
b
0(Q1 ⊔ . . . ⊔Q1) are characterized (up to a shift) by the property
that End(s′i) = k . It follows that there exists a permutation σ ∈ Sn such that for
each i
Ψ(si) = s
′
σ(i)[mi] for some mi ∈ Z .
Moreover, Db0(Q1 ⊔ . . . ⊔ Q1) is the orthogonal sum of its subcategories 〈s
′
i〉 . It
follows that Db0(Q) is also the orthogonal sum of its subcategories 〈si〉 . Therefore
Q ≃ Q1 ⊔ . . . ⊔Q1 and similarly Q
′ ≃ Q1 ⊔ . . . ⊔Q1 .
Case 3: g > 2 and Q is realized by a torsion-free category. In this case an
isomorphism Q ≃ Q′ follows from Proposition 5.5. 
Remark 5.9. Note that Corollary 5.8 does not hold in general if Q is not assumed to
be realizable. For example, let Q be any tree and let Q′ be the quiver obtained from Q
be reversing some arrows. Then Db0(Q) = D
b(mod−kQ) , Db0(Q
′) = Db(mod−kQ′)
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and it is well-known that the categories Db(mod−kQ) and Db(mod−kQ′) are equiv-
alent.
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